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Abstract
We revisit the problem of quantizing a chiral boson on a torus. The conven-
tional approach is to extract the partition function of a chiral boson from the path
integral of a non-chiral boson. Instead we compute it directly from the chiral boson
Lagrangian of Floreanini and Jackiw modified by topological terms involving an
auxiliary field. A careful analysis of the gauge-fixing condition for the extra gauge
symmetry reproduces the correct results for the free chiral boson, and has the ad-
vantage of being applicable to a wider class of interacting chiral boson theories.
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1 Motivation and introduction
1.1 Motivation
Folklore has it that there is no Lagrangian formulation for the quantum theory of chiral
bosons. In this work we examine this statement in detail for the special case of a chiral
boson in two dimensions.
First of all, there are various Lagrangian formulations for the classical theory of a
free chiral boson [1–6]. These are well-defined theories useful for describing classical
configurations. Furthermore, at least for the free chiral boson theory, there is no problem
in using these Lagrangians for path integral quantization on a base space with trivial
topology. The problem of Lagrangian formulation arises in the quantum theory only
when both the base space and target space have nontrivial topology.
Let us consider the free field theory of a chiral boson in two-dimensional flat spacetime.
As a left-moving scalar field φ(σ0 + σ1), after Wick rotation (σ0 = iσ2), the chiral boson
becomes a holomorphic function φ(z) of the complex coordinate
z ≡ σ1 + iσ2. (1)
The problem of quantization arises when, for example, the two-dimensional base space is
compactified on a torus. While there are many ways to define the Lagrangian of a chiral
boson, and for the uncompactified space they are equivalent, the path integral for the
torus depends on the choice of the Lagrangian in a way that was not well understood,
and it was unclear whether any of them is correct. On the other hand, the partition
function of a chiral boson can be deduced from that of a non-chiral boson via holomorphic
decomposition, or by finding a section on a holomorphic line bundle, as we will review
below. The result is known to depend on the choice of a spin structure [7]. Therefore, if
there exists a correct Lagrangian formulation for the chiral boson, there has to be a way
to introduce the choice of a spin structure in the Lagrangian.
With the choice of a spin structure, the partition function of a chiral boson on a
torus can be constructed from the theory of a non-chiral boson [7]. Hence it may seem
unnecessary to look for a Lagrangian formulation for the chiral boson. However, there
are many interesting chiral boson theories [8–17] whose non-chiral versions are absent (or
at least it is unclear how to define them). It will be useful to have a way of computing
the partition function of a chiral boson directly from the Lagrangian.
Our goal is to understand how to modify a chiral boson Lagrangian so that it is
suitable for path integral formulation. As we do not want to spoil the local equation
of motion for the chiral boson, the modification is restricted to topological terms. The
guiding principle is to consider the most general topological terms consistent with the
symmetries of the original theory. When there are nontrivial cycles on the base space,
the partition function is periodic in the zero mode of the source field. The periodicity in
the source field can be reduced to its fraction by taking a quotient. This is the major
property of a chiral boson Lagrangian that we explore to introduce spin structures into
the action.
The plan of this paper is the following. After a short review of related literature in
Sec. 1.2 we revisit two approaches to derive the partition function of a free chiral boson in
two dimensions from the path integral of a non-chiral boson in Sec. 2 and Sec. 3. Earlier
results are generalized. In Sec. 4, we will demonstrate a way to derive the same result
using the Lagrangian of Floreanini and Jackiw [2] for a chiral boson in the path integral
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formulation, with the addition of topological terms and an auxiliary field. The ambiguity
in the choice of a spin structure is encoded in the choice of topological terms and the
auxiliary field. In Sec. 5, we give a gauge-fixed Lagrangian for the chiral boson model
of Floreanini and Jackiw, and introduce a BRST symmetry. It has the unique feature
that ghost fields have dependence only on one of the world-sheet variables (say the “time"
variable). This feature reflects the nature of the gauge symmetry of Lagrangian formula-
tion of chiral boson and removes undesirable degree of freedom on torus. The conclusion
is that, contrary to the folklore, at least for the torus, the Lagrangian formulation for the
quantum theory of a chiral boson does exist.
1.2 Introduction
For the Lorentzian signature, the self-duality condition dφ = ∗dφ is consistent in 4k + 2
dimensions. The (2k+1)-form field strength dφ is defined in terms of a 2k-form potential
φ with the gauge transformation law
φ→ φ′ = φ+ dλ, (2)
where λ is a (2k − 1)-form. For k = 0, the field φ is a scalar and there is nothing called
(−1)-form λ. The gauge transformation by dλ is to be replaced by a shift of φ [1]
φ→ φ′ = φ+ c (3)
for an arbitrary constant c. This transformation does not change the physical state; in
other words, the constant mode of φ is not a physical observable.
Since the self-duality condition is a first order differential equation, the Lagrangian
formulation is nontrivial even at the classical level. If we impose the self-duality condi-
tion as a constraint via a Lagrange multiplier, the Lagrange multiplier acquires physical
degrees of freedom following canonical formulation, and so it is not the theory we want to
study. Siegel [1] realized that the problem can be avoided by imposing the square of the
self-duality condition as the constraint, and new gauge symmetries are introduced at the
same time. In fact, by introducing additional gauge symmetries in different ways, there
are many ways to write down a Lagrangian for chiral bosons in general dimensions [2–6].
The quantum theory of chiral bosons has also been studied in various aspects, includ-
ing anomaly and bosonization [1, 2, 7, 18–35]. The quantization of a chiral boson theory
imposes new challenges when the target space and the base space are compactified, so
that winding modes appear.
When the base space is a torus, for example, there are modular transformations on
the torus which do not change the geometry of the torus, and are thus expected to be
symmetries of the theory. However, in general the partition function of a chiral boson
cannot be modular invariant. One has to accept partition functions which change only by
an overall factor under modular transformations, like ϑ-functions. (After all, the partition
function is essentially a wave function.)
A geometrical interpretation of this modular non-invariance of the chiral boson the-
ory is that the quantum theory of a chiral boson depends on the choice of geometrical
structures other than those uniquely determined by the Riemannian metric and complex
structure. (Here the relevant geometrical structure is the spin structure.) Isometry is
hence not necessarily a symmetry of the theory. (See more comments on this in the last
section.) Depending on the applications in mind (the physical properties of the system of
interest), there may be certain restrictions on the spin structures. In this work, we will
not be restricted to particular applications and consider the full generality.
1
2 Holomorphic Decomposition
In this paper, we consider a chiral boson living on a flat 2-torus Σ defined by the equiv-
alence relations
z ∼ z +m+ nτ (m,n ∈ Z) (4)
in terms of the complex coordinate
z = σ1 + iσ2 (5)
for a given modular parameter τ = τ1 + iτ2 (τ2 > 0). The self-duality condition is
∂z¯φ(z) = 0.
The target space of the scalar field φ is a circle. We normalize φ so that it is defined
up to multiples of 2π,
φ ∼ φ+ 2π. (6)
Roughly speaking, as the non-chiral boson can be viewed as the combination of a
chiral boson plus an anti-chiral boson, the partition function of a non-chiral boson can
be decomposed into the product of the contribution of the chiral boson and that of the
anti-chiral boson. We refer to it as a holomorphic decomposition.
For a non-chiral boson with the free-field action
S0[φ] =
1
πg2
∫
dzdz¯ ∂zφ∂z¯φ, (7)
to selectively turn on the chiral and anti-chiral parts of the scalar, we introduce two
sources Az¯ and Az via interaction terms as
1
SA[φ,A] =
1
πg
∫
dzdz¯ (Az¯∂zφ+ Az∂z¯φ). (8)
The coupling constant g is the only free parameter of the theory. It can be normalized to
1 by scaling φ, so we can also interpret it as the inverse radius of the target-space circle.
Naively, the partition function
Znon-chiral[Az¯, Az] =
∫
Dφ e−(S0[φ]+SA[φ,A]) (9)
is expected to be of the form of a product
Znon-chiral[Az¯, Az] = Zhol[Az¯]Zanti-hol[Az] (10)
of a holomorphic functional of Az¯ and an anti-holomorphic functional of Az. The parti-
tion function of the chiral boson is expected to be given by the holomorphic functional
Zhol[Az¯].
A serious problem is that, when the base space has nontrivial topology, the naive
holomorphic decomposition (10) is replaced by a more complicated decomposition of the
form
Znon-chiral[Az¯, Az] =
∑
s
Z
(s)
hol
[Az¯]Z
(s)
anti-hol
[Az]. (11)
1 In our convention,
∫
dzdz¯ = 2τ2.
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The index s in (11) is the label for the spin structure on the torus Σ. This means that
there is an ambiguity in defining the partition function of a chiral boson: it can be any
of the holomorphic factors Z
(s)
hol
.
In fact, we will see below that (11) is not exactly correct. There exists an additional
overall factor on the right hand side that depends on both Az¯ and Az. Nevertheless this
intuition leads us to a way to define the partition function of a chiral boson from that of
a non-chiral boson. The calculation below is a generalization of the work of Ref. [32].
It is natural to decompose the source A
A = A(0) + A˜, (12)
into the zero mode A(0) and oscillator modes A˜ since they decouple in the quadratic
Lagrangian. The partition function
Z[A] = Z0[A
(0)]Z˜[A˜] (13)
is a product of a function Z0[A
(0)] of the zero mode of A and a functional Z˜[A˜] of the
non-zero modes of A. The zero-mode part of the partition function Z0[A
(0)] is a sum
over winding modes of the scalar field φ, while the non-zero-mode part Z˜[A˜] comes from
an integral over all non-zero modes of φ. Special attention is paid to the factor Z0[A
(0)]
depending on the zero mode A(0), as it is where the nontrivial dependence on the spin
structure resides.
2.1 Z0[A
(0)]
Due to the equivalence relation (6), the periodic boundary conditions for φ over the two
cycles of the torus Σ are
φ(z +m+ nτ, z¯ +m+ nτ¯ ) = φ(z, z¯) + 2π(mω1 + nω2) (14)
for arbitrary winding numbers ω1, ω2 ∈ Z. The winding mode of the chiral boson is thus
given by
φ(0) =
πi
τ2
[ω1(τ¯ z − τ z¯)− ω2(z − z¯)] . (15)
The zero-mode part of the partition function Z0[A
(0)] is computed by substituting
eq.(15) into the action S0 + SA and summing over all winding numbers ω1, ω2. It is
Z0[A
(0)] =
∑
ω1,ω2∈Z
exp
[
− 2π
g2τ2
|ω2 − ω1τ |2 + 2i
g
A(0)z (ω1τ − ω2)−
2i
g
A
(0)
z¯ (ω1τ¯ − ω2)
]
. (16)
Applying the Poisson resummation formula
∞∑
m=−∞
exp
[
−π(m− b)
2
a
]
= a1/2
∞∑
n=−∞
exp(−πan2 + 2πibn) (17)
to the dummy variable ω2, we find
Z0[A
(0)] =W[A(0)]
∑
ω1,ω2∈Z
hˆ
(
gω2
2
+
ω1
g
, y
∣∣∣∣τ
)
hˆ
(
gω2
2
− ω1
g
,−y
∣∣∣∣τ
)
, (18)
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where
W[A(0)] ≡
√
g2τ2
2
exp
[
π
2τ2
(y + y¯)2
]
, (19)
hˆ(u, z|τ) ≡ exp(iπτu2 + i2πuz), (20)
y ≡ iτ2
π
A
(0)
z¯ . (21)
Here we assume that y¯ = − iτ2
pi
A
(0)
z .
For special values of the coupling 2
g =
√
k1k2 or g =
2√
k1k2
, (22)
where k1, k2 are positive integers and k2 is even, the partition function can be written as a
finite sum over products of holomorphic functions of A
(0)
z¯ and anti-holomorphic functions
of A
(0)
z , up to the anomalous factor W[A(0)]. Using the following identity
k2−1∑
n2=0
e2pii(m1−m2)n2/k2 = k2
∞∑
m′=−∞
δm
′k2
m1−m2 , (23)
we simplify the expression above for the partition function as
Z0[A
(0)] = k−12 W[A(0)]
k1−1∑
n1=0
k2−1∑
n2=0
ϑ
[
n1
k1
n2
k2
](√
k1
k2
y;
k1
k2
τ
)
ϑ
[
n1
k1
n2
k2
](
±
√
k1
k2
y;
k1
k2
τ
)
.(24)
For the anti-holomorphic function, the sign ± in front of y should be + for g = √k1k2
and − for g = 2√
k1k2
, respectively. This is a generalization of the result in [32, 36].
The partition function of a chiral boson is then identified with the holomorphic factor
in this decomposition, which is a ϑ function
Zchiral0 [A
(0)] = ϑ
[
n1
k1
n2
k2
](√
k1
k2
y;
k1
k2
τ
)
. (25)
Note that here the modular parameter appearing in the ϑ function is not necessarily
the same as the modular parameter of the spacetime, as we often see in the literature,
but can differ from it by a fractional factor k1/k2.
3 This is a possible generalization
of the partition function for chiral boson that was not emphasized in the past. We will
see that the same result is obtained in the other two approaches for computing partition
functions for a chiral boson that we will discuss below. In fact, as the partition function
is a function of the source field Az¯, the modular parameter appearing in the ϑ function
2 Incidentally, there is a symmetry of the partition function of 2-dimensional scalar,
g → 2
g
,
with a simultaneous change of sign for A
(0)
z .
3 In Ref. [32], the partition function for a chiral boson is restricted to be the cases for k1 = k2 = 2 so
that it is ϑ
[
n1/2
n2/2
]
(y; τ) for n1, n2 = 0, 1.
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is supposed to be the parameter characterizing the space of A
(0)
z¯ , rather than the space
of z. Upon a modular transformation on the space of z, the spacetime is exactly the
same 2-torus as before the transformation, but in general the partition function is not
invariant. That is, there are anomalies in the modular transformations for the quantum
theory of a chiral boson.
The holomorphic decomposition of the partition function for a non-chiral boson is not
unique. For any choice of the parameters k1, k2, there is a holomorphic decomposition.
Furthermore, the Poisson resummation formula can be applied to the other winding
number ω1 instead of ω2. Following similar calculations as above, we find, for positive
integers k1, k2 (k2 must be even),
Z0[A
(0)] = k−12 W ′[A(0)]
k1−1∑
n1=0
k2−1∑
n2=0
ϑ
[
n1
k1
n2
k2
](√
k1
k2
y
τ
;−k1
k2
1
τ
)
ϑ
[
n1
k1
n2
k2
](
±
√
k1
k2
y
τ
;−k1
k2
1
τ
)
,
(26)
where the anomalous factor is
W ′[A(0)] =
√
g2τ2
2|τ |2 exp
[
π|τ |2
2τ2
(y/τ + y¯/τ¯)2
]
. (27)
Using the modular transformation property (172) of the ϑ function, we find
Z0[A
(0)] = k−11 W[A(0)]
k1−1∑
n1=0
k2−1∑
n2=0
ϑ
[
n2
k2
n1
k1
](√
k2
k1
y;
k2
k1
τ
)
ϑ
[
n2
k2
n1
k1
](
±
√
k2
k1
y;
k2
k1
τ
)
.(28)
The anomalous factor is the same as that in (24). Despite the difference in explicit
expressions, both (24) and (28) tell us that the partition function of a chiral boson is the
ϑ function with arbitrary rational characteristics. The chiral boson’s partition function
read off from (28) is equivalent to (25) but with the indices 1 and 2 interchanged.
This approach of holomorphic decomposition suffers several disadvantages. First, the
Lagrangian of a non-chiral boson is assumed. For a given Lagrangian for an interacting
chiral boson theory, e.g. that of Ref. [12], it is not clear how to define the Lagrangian
of a non-chiral boson whose partition function can be holomorphically decomposed to
define the partition function of the chiral boson. Secondly, even if the non-chiral theory
is known, the holomorphic decomposition involves an “anomalous” factor W [32]. It is
not clear how to determine this factor and as a result the holomorphic decomposition is
strictly speaking ambiguous. This problem cannot be avoided by defining the holomorphic
decomposition in terms of the holomorphicity of the modular parameter τ . To define the
holomorphicity of τ , we have to decide first what is independent of τ .
Note that k1 = k2 = 2 gives g
2 = 1 and g2 = 4. The literature has mostly focused
on the case ϑ
[
n1/2
n2/2
]
with n1, n2 = 0, 1. The case g
2 = 2 is special in that the theory is
self-dual, and the only possibility is k1 = 1, k2 = 2. In general, there are many pairs of
(k1, k2) corresponding to the same value of g
2. (For example, g2 = 4 can be given by
(k1 = 2, k2 = 2) and (k1 = 1, k2 = 4).)
So far we have found the use of ϑ functions ϑ
[
α
β
]
as the partition function of a
chiral boson only for α, β being rational numbers. In fact it is easy to generalize them
to arbitrary real numbers by introducing a twisting of the boundary condition of φ.
5
Equivalently, we can introduce a constant connection 1-form C so that dφ is replaced by
dφ+C in the Lagrangian. Following the same calculation above, the two components Cz
and Cz¯ will show up in the characteristics of the ϑ function.
If we think of a chiral boson as the bosonization of a chiral fermion with boundary
conditions defined by the periodic or anti-periodic boundary conditions, the relevant ϑ
function would only have parameters (α, β) for α, β = 0, 1/2. On the other hand, if the
chiral fermion is charged and admits twisted boundary conditions, the partition function
is allowed to be a ϑ function with irrational parameters.
2.2 Z˜[A˜]
To compute the non-zero-mode part of partition function, we pick a basis of 0-forms
B =
{
bmn ≡ exp
(
π[m(z¯τ − zτ¯ ) + n(z − z¯)]
τ2
)}
= B(0) ∪ B˜. (29)
For the non-zero modes in B˜, the index (mn) does not take the value (00). Here we focus
on the non-zero modes B˜. The scalar φ can be decomposed in this basis
φ = φ(0) + φ˜, φ˜ =
∑
m,n∈Z
Φmnbmn (30)
so that
∂zφ˜ = i
∑
m,n∈Z
ΦmnbmnΠ
mn
z , ∂z¯φ˜ = i
∑
m,n∈Z
ΦmnbmnΠ
mn
z¯ , (31)
where
Πmnz = −
π(mτ¯ − n)
iτ2
, Πmnz¯ =
π(mτ − n)
iτ2
. (32)
Similarly, we can expand A˜ as
A˜z =
∑
m,n∈Z
A˜mnz bmn, A˜z¯ =
∑
m,n∈Z
A˜mnz¯ bmn. (33)
Substituting A˜ and ∂φ˜ into Z˜[A˜] and integrating over Φ gives
Z˜[A˜] =
[
det
(
4τ2ΠzΠz¯
πg2
)]−1/2
W˜ [A˜] exp
(∑
mn
mτ2A˜
mn
z¯ A˜
−m−n
z¯
Πmnz¯
)
exp
(∑
mn
mτ2A˜mnz¯ A˜
−m−n
z¯
Πmnz¯
)
=
W˜ [A˜]√
πτ2g
[
1
η
exp
(∑
mn
mτ2A˜
mn
z¯ A˜
−m−n
z¯
Πmnz¯
)][
1
η
exp
(∑
mn
mτ2A˜mnz¯ A˜
−m−n
z¯
Πmnz¯
)]
, (34)
where
W˜[A˜] = exp
(
− τ2
2π
∑
mn
(A˜z − A˜z¯)mn(A˜z − A˜z¯)−m−n
)
, (35)
and we have applied the zeta function regularization to compute the determinant in the
last equality [
det
(
4τ2ΠzΠz¯
πg2
)]−1/2
=
1√
πτ2gηη¯
. (36)
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Here η is the Dedekind eta function.
The non-zero-mode part of the partition function for a chiral boson on 2-torus can be
read off as the holomorphic part of (34) to be
Z˜chiral[A˜] =
1
η
exp
(∑
m,n
mτ2A˜
mn
z¯ A˜
−m−n
z¯
Πmnz¯
)
. (37)
It is independent of the spin structure.
3 Holomorphic Line Bundle
In this section we review the approach of [7, 34] to compute the partition function of a
chiral boson. Consider the manifestly Lorentz-invariant action of a non-chiral boson φ
coupled to an external vector field A in the form of a U(1) connection
S[φ,A] =
1
πg2
∫
Σ
dzdz¯ [(∂zφ+ gAz/2)(∂z¯φ+ gAz¯/2)− gφFzz¯/2] , (38)
where the last term is added to decouple the anti-chiral component ∂z¯φ. After integration
by parts, the action is
S[φ,A] =
1
πg2
∫
Σ
dzdz¯
(
∂zφ∂z¯φ+ gAz¯∂zφ+ g
2AzAz¯/4
)
. (39)
This action first appeared in [37] as the action for the bosonization of a chiral fermion.
The transformations
δφ = −gλ/2, δA = dλ (40)
for a generic function λ are not symmetries because of the last term of the action (38).
This does not lead to pathologies of the quantum theory because A is an external field
without dynamics.
The partition function
Z[A] =
∫
Dφe−S[φ,A] (41)
is not independent of Az even though the coupling of Az to ∂z¯φ is cancelled, due to
the last term of eq.(39). Similar to the previous section, the partition function can be
factorized as
Z[Az¯] = Z0[A
(0)
z¯ ]Z˜[A˜z¯]. (42)
Consider the full space of configurations of A as the base space of a line bundle on
which Z[A] is a section. Define the covariant derivatives for the line bundle as
D
DAz
=
δ
δAz
+
Az¯
4π
,
D
DAz¯
=
δ
δAz¯
− Az
4π
. (43)
For the action (39), Z[A] satisfies two differential equations
D
DAz
Z[A] = 0, (44)[
∂z
D
DAz
+ ∂z¯
D
DAz¯
− Fzz¯
2pi
]
Z[A] = 0. (45)
7
We will compute the partition function Z[A] by solving these differential equations, with
suitable boundary conditions.
The two differential equations (44), (45) are sufficient to determine how Z[A] trans-
forms under the transformation
δAz¯ = −∂z¯ǫz, (46)
δAz = λ, (47)
where ǫz and λ are independent functions. One can transform an arbitrary configuration
of A to
Az¯ = A
(0)
z¯ and Az = 0, (48)
where A
(0)
z¯ represents the zero mode of Az¯. (In fact, there is no reason to consider Az 6= 0
while we are not coupling it to the anti-chiral field ∂z¯φ.) That is, if we can determine
Z[Az¯] on the space of A
(0)
z¯ , we can uniquely determine Z[A] as a solution to (44) and
(45).
Since the change (46) of Az¯ is the same as that due to a gauge transformation (40), we
realize that there are large gauge transformations changing A
(0)
z¯ by a vector on a lattice
L,
A
(0)
z¯ → A(0)z¯ +
2πi
gτ2
(mτ − n) (m,n ∈ Z), (49)
so A
(0)
z¯ can be viewed as a complex coordinate on the quotient C/L, which will be denoted
as JΣ. It is sufficient to determine Z[Az¯] on JΣ in order to uniquely determine Z[A].
It is impossible for Z[A
(0)
z¯ ] to be a well-defined function on JΣ. However, it is still
possible to demand that a line bundle equipped with the covariant derivatives (43) be
reduced to a holomorphic line bundle on JΣ of which Z[A
(0)
z¯ ] is a section. This is accept-
able because the partition function is defined up to a phase. In fact, there are more than
one holomorphic line bundles equipped with the same covariant derivatives (43).
Before getting into the details of actual calculation, we comment that this approach,
like the previous approach, is not applicable to more general theories of chiral bosons. In
this approach, we assume that the chiral boson is always defined as the chiral part of a
non-chiral boson. However, it is not clear how to apply this approach to a generic action
for a non-chiral boson. 4
The gauge transformation of the source field A plays a crucial role in this approach, so
we are led to replace derivatives dφ by the covariant derivatives dφ+A everywhere in the
action. For a generic action, this does not necessarily yield the desired coupling between
the chiral boson and the source field A so that Az is decoupled from the anti-chiral
component of φ (which may be a deformed version of ∂z¯φ).
More specifically, the success of this approach relies on the following properties. First,
one has to know the action of the non-chiral boson corresponding to the chiral boson of
interest. Second, the action should equal the scalar field action plus a source term that
couples only to the chiral field, up to an irrelevant term that vanishes when we set the
irrelevant source field Az to zero. Third, there exists a transformation of the fields such
that the induced change of the action only depends on the source A but not the scalar φ,
so that the partition function can be interpreted as a section of a line bundle over the space
of A, with the equivalence relations analogous to (49) defined by these transformations.
4 This approach was generalized and applied to the chiral WZW model [27].
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3.1 Z0[A
(0)]
We would like to give an explicit expression of the partition function of the chiral boson on
Σ. To proceed, we decompose the source Az¯ into the zero mode (constant) and non-zero
modes
Az¯ = A
(0)
z¯ + A˜z¯. (50)
There is no linear term in z, z¯ because they would imply a zero mode in the field strength
F , leading to a nontrivial twist
∫
Σ
F of the φ-bundle over Σ. Instead, A is always a
connection for a trivial bundle because its field strength F = dA = dΛ is the same as the
field strength of the connection Λ ≡ dφ + A, which is gauge invariant and globally well
defined.
The subtlety of the calculation of partition function resides in choosing a holomorphic
line bundle L(s) on JΣ. The connection on the holomorphic line bundle L(s) is independent
of s and given by eq.(43). The curvature is[
D
DAz(z, z¯)
,
D
DAz¯(z′, z¯′)
]
= −δ2(z − z′, z¯ − z¯′) 1
2π
. (51)
Restricting the bundle to JΣ, it is useful to define the zero modes of the covariant deriva-
tives as
D
DA
(0)
z
≡
∫
Σ
dzdz¯
D
DAz(σ)
∣∣∣∣
zero mode
=
∂
∂A
(0)
z
+ τ2
A
(0)
z¯
2π
, (52)
D
DA
(0)
z¯
≡
∫
Σ
dzdz¯
D
DAz¯(σ)
∣∣∣∣
zero mode
=
∂
∂A
(0)
z¯
− τ2A
(0)
z
2π
. (53)
Eq. (44) thus implies (
∂
∂A
(0)
z
+ τ2
A
(0)
z¯
2π
)
Z0[A
(0)] = 0. (54)
The other differential equation (45) is trivial for Z0[A
(0)].
For convenience, define a new complex coordinate on JΣ
y =
iτ2A
(0)
z¯
π
, y¯ = −iτ2A
(0)
z
π
. (55)
The equivalence relations are
y ∼ y + 2
g
(m+ nτ) (m,n ∈ Z). (56)
The covariant derivatives (52), (53) are now expressed as
Dy¯ =
∂
∂y¯
− F
2
y, Dy =
∂
∂y
+
F
2
y¯, (57)
which define a line bundle over JΣ with the field strength
F = − π
τ2
. (58)
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The twisted periodic boundary conditions over an (m,n)-cycle of JΣ are given by a phase
factor U(m,n) as
U(m,n)Di(y; y¯)U
−1
(m,n) = Di
(
y +
2
g
(m+ nτ); y¯ +
2
g
(m+ nτ¯ )
)
. (59)
From (57), we find
U(m,n) = e
−F
g
(m+nτ¯)y+F
g
(m+nτ)y¯+f(m,n), (60)
where f(m,n) is an arbitrary function of m,n (and of τ , but independent of y and y¯).
As a fundamental representation, a section Y of the bundle should satisfy the twisted
periodic boundary condition
U(m,n)Y (y, y¯) = Y
(
y +
2
g
(m+ nτ), y¯ +
2
g
(m+ nτ¯ )
)
. (61)
Moreover, Y should respect Dy¯Y = 0, which implies
Y (y, y¯) = e
F
2
yy¯−F
2
y2Y0(y), (62)
then the twisted periodic boundary condition on Y0 is
e−i4piny/g−i4pin(m+nτ)/g
2+f(m,n)Y0(y) = Y0
(
y +
2
g
(m+ nτ)
)
. (63)
In general, choosing a specific f(m,n) corresponds to choosing a holomorphic line bundle
as well as a specific spin structure (cf. eq.(170)) which gives
Y0(y) = ϑ
[
α
β
]
(ay; bτ), (64)
where a, b satisfy the relations
a2 = b,
2a
g
∈ Z, 2a
bg
∈ Z. (65)
Solutions to these relations can be parametrized by two integers k1, k2:
a =
√
k1
k2
, b =
k1
k2
, g =
2√
k1k2
. (66)
This is in agreement with the result of holomorphic decomposition in eq.(25).
For the special case g = 2, the total flux over JΣ is a unit quantum consistent with
treating JΣ as a 2-torus. Holomorphic line bundles with unit flux on 2-torus are fully
understood. The moduli space is itself also a 2-torus. It is also known that each holomor-
phic line bundle L(s) has a unique holomorphic section, which in a certain trivialization
is given by the ϑ function ϑ
[
α
β
]
(y|τ), and the parameters α, β ∈ R/Z label the choice of
the holomorphic line bundle.
In general, the index of the line bundle can be expressed as s = (α, β), and we have
Z
(s)
0 [A
(0)
z¯ ] = N (s)e
F
2
yy¯−F
2
y2ϑ
[
α
β
](√
k1
k2
y;
k1
k2
τ
)
(67)
for some normalization factor N (s). In this approach the characteristics (α, β) of the ϑ
function are not restricted to be rational, unless further assumptions are made. Only
the cases of α, β = 0, 1/2 were considered in [7], corresponding to having either the
periodic or antiperiodic boundary conditions for the spin structure on 2-torus. It was
later generalized in [34] to more general holomorphic line bundles.
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3.2 Z˜[A˜]
Next we find the partition function Z˜[A˜z¯] for the non-zero modes by solving the differential
equations (44), (45). Consider the ansatz
Z˜[A˜z¯] = e
− 1
4π
∫
dzdz¯A˜z(z,z¯)A˜z¯(z,z¯)e
∫
dzdz¯
∫
dz′dz¯′ K(z−z′,z¯−z¯′)A˜z¯(z,z¯)A˜z¯(z′,z¯′), (68)
where K is allowed to depend on τ and A
(0)
z¯ . While (44) is already solved by the ansatz
above, eq.(45) implies that∫
dz′dz¯′
(
∂z¯K(z − z′, z¯ − z¯′)A˜z¯(z′, z¯′)
)
− 1
4π
∂zA˜z¯(z, z¯) = 0. (69)
This is solved if
∂z¯K(z − z′, z¯ − z¯′) = − 1
4π
∂zδ(z − z′, z¯ − z¯′). (70)
Given the ordinary Green’s function G for the Laplace operator ∂z∂z¯ on Σ,
∂z∂z¯G(z − z′, z¯ − z¯′) = δ(z − z′, z¯ − z¯′) + constant, (71)
where the constant on the right hand side is needed on compact base space, then K is
immediately solved by
K(z − z′, z¯ − z¯′) = − 1
4π
∂2zG(z − z′, z¯ − z¯′) +K0, (72)
whereK0 is a holomorphic function. Note that the only well-defined holomorphic function
on Σ is constant, and constant K0 makes no contribution to the ansatz (68) because the
non-zero modes A˜z¯ integrate to zero. Hence we can set K0 to zero without loss of
generality.
4 Path Integral for FJ Model
In this section we try to reproduce the results of the previous sections on the partition
function for a chiral boson, by calculating the path integral of the Floreanini-Jackiw (FJ)
action [2], instead of calculating the path integral for a non-chiral boson. The FJ action
has Lorentz symmetry although it is not manifestly Lorentz-invariant. It can be derived
from the Lorentz-invariant action of Siegel [1] by gauge fixing. On the other hand, the
Lorentz symmetry is broken by the geometry of the base space.
The FJ action has to be modified in order to reproduce the same partition function
as the other two approaches discussed above. (The original FJ action produces a sum
over different ϑ-functions, instead of a single ϑ-function, as its partition function.) Before
proposing our modification to the FJ action, let us introduce some notations. On the
torus it is natural and convenient to define the basis of one-forms dual to the two cycles
(called A-cycle CA and B-cycle CB) as
EA = dσA, EB = dσB, (73)
where
σA =
−τ¯ z + τ z¯
τ − τ¯ , σB =
z − z¯
τ − τ¯ , (74)
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so that ∮
CA
EA = 1 =
∮
CB
EB,
∮
CA
EB = 0 =
∮
CB
EA, (75)
and ∫
EA ∧ EB = 1. (76)
The exterior derivative is then
d = EA∂A + EB∂B, (77)
where
∂A = ∂z + ∂z¯, ∂B = τ∂z + τ¯∂z¯. (78)
In this notation, we can define the winding numbers ω1, ω2 of the scalar φ along the
A-cycle and B-cycle by the expression
(dφ)(0) = 2πω1EA + 2πω2EB (ω1, ω2 ∈ Z). (79)
For convenience we also list here the full expression of φ
φ(z, z¯) = φ0 + 2πω1σA + 2πω2σB + φ˜, (80)
where φ˜ is the non-zero mode
φ˜ =
∑
m,n∈Z
Φmnbmn, (81)
and bmn is the basis of Fourier modes defined in (29).
The original FJ action
S0 =
1
4πg2
∫
dzdz¯ (∂Aφ)(∂z¯φ) (82)
has the equation of motion
∂A∂z¯φ = 0. (83)
This is not equivalent to the self-duality condition
∂z¯φ = 0 (84)
for a chiral boson, but it is invariant under the transformation
φ→ φ′ = φ+ F (σB). (85)
Imposing this transformation as a gauge symmetry of the theory, one can easily verify
that the equation of motion (83) is gauge-equivalent to the chiral boson condition (84).
The existence of an additional gauge symmetry is a salient feature of all Lagrangian
formulations for chiral bosons, and it distinguishes the previous two approaches using
non-chiral boson action from the approach introduced below.
Since the gauge transformation parameter F (σB) depends only on a single variable,
the gauge-fixing condition has to be chosen correspondingly. Furthermore, the action S0
(82) is gauge-invariant only if F (σB) has its winding number equal to zero. Hence the
gauge transformation cannot change the winding number of φ along the B-cycle. That
is, the winding number ω2 is gauge-invariant.
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Consider the gauge-fixing condition∮
CA(σB)
EA∂Bφ(z, z¯) = 2πω2 = constant (∀σB), (86)
where the cycle CA(c) is an A-cycle defined by σB = c. The gauge-fixing condition
is an integral over a cycle such that it is a one-variable function because the gauge
transformation (85) is parametrized by a single-variable function F (σB). The gauge-fixing
condition can be imposed by introducing a Lagrange multiplier λ(σB) which integrates
to zero on CB and an additional term
i
∫
CB
EBλ(σB)
[∫
CA(σB)
EA∂Bφ(z, z¯)
]
= i
∫
EB ∧ EA λ(σB)∂Bφ(z, z¯) (87)
in the action.
Apparently the ghost fields associated with this gauge-fixing condition should live on
a one-dimensional space and they are decoupled from the chiral boson. They contribute
to an overall constant (independent of the source field) to the partition function. We will
ignore the ghosts for simplicity here and consider the ghost action in Sec. 5.
As we noted earlier, the winding number ω2 is gauge-invariant. We should remove
it since the chiral boson does not have this physical degrees of freedom. (This will
be justified below in Sec. 5.2.) To impose a constraint to remove ω2, we introduce a
(constant) Lagrange multiplier a ∈ R and an additional term in the action
Sa[a] = i2πω2a. (88)
Due to the presence of this term, in the following we will set
ω2 = 0. (89)
Incidentally, this term can be combined with the gauge-fixing term (87) into a single term
in the action
SB = i
∫
EB ∧ EA B(σB)∂Bφ(z, z¯), (90)
where the Lagrange multiplier B(σB) is no longer restricted to be free of the constant
mode.
The gauge-fixing condition still admits a residual gauge symmetry which is the shift
of φ by a constant
φ→ φ′ = φ+ c. (91)
This gauge symmetry allows us to gauge-fix the constant mode in φ to be zero. We will
observe in Sec. 5.2 that the physical state is invariant under such shift.
Now we consider the source term. Due to this additional gauge symmetry (85), only
the gauge-invariant field strength ∂Aφ should be coupled to a physical source field A. We
define the source term of the action as
SA[A] =
1
2πg
∫
dzdz¯ (∂Aφ)A. (92)
This is the only term in the action where the source field A appears. In terms of the
variable y
y =
iτ2
π
A (93)
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that was also defined in other approaches, the zero mode contribution to SA is
S
(0)
A = −i
2π
g
ω1y. (94)
Since the zero mode of y only couples to the winding number ω1 through this term, we
see that a shift of y by
y → y′ = y + gn (95)
for an integer n induces a shift of the action by i2πn. Thus the partition function Z0[y]
is periodic,
Z0[y + g] = Z0[y]. (96)
So far we have introduced the original FJ action and the source term, which are
already present for a base space with trivial topology. When the base space has nontrivial
topology, there is an ambiguity in the choice of topological terms, which do not change
the local equation of motion for the scalar φ. In principle, to explore all models of chiral
boson with its local physics described by the FJ action, we should consider all topological
terms consistent with all symmetries of the theory.
The topological term
∫
dφ ∧ dφ is trivial, and the only nontrivial topological term∫
dφ ∧ κ for some constant one-form κ is equivalent to a shift of the source field A.
To consider more general Lagrangians with additional topological terms, we introduce
an auxiliary scalar field Ψ. Then we have the following additional topological terms∫
dφ ∧ dΨ and
∫
Γ ∧ dΨ (97)
for some constant one-form Γ. One immediately realizes that the non-zero-mode part
of the auxiliary field Ψ is irrelevant because it only appears in total derivatives. The
winding modes of Ψ, which are coupled to ω1, have the effect of introducing a periodicity
to the source field.
Since the source field already has a periodicity (96), the most general consistent
possibility is to impose a (possibly twisted) periodicity which is a fraction of the period
already present. Therefore, we should focus on the case when the effect of the first term
in (97) is to take a quotient of the periodicity (96) by Zk1 for a positive integer k1. In
other words, one imposes a twisted periodic boundary condition on a redefined partition
function 5
Znew0 [y + g/k1] = e
i2pin1/k1Znew0 [y] (98)
for a fractional shift
y → y′ = y + g/k1. (99)
Here the parameter n1 is an integer (defined modulo k1) so that (96) still holds. This
new theory is specified by two more integral parameters k1, n1.
Given a function Z0 with the boundary condition (96), one can use the method of
images to construct a new function Znew with the new boundary condition (98). Simply
define the new partition function as
Znew0 [y] =
k1−1∑
n=0
e−i2pinn1/k1Z0[y + gn/k1], (100)
5 This condition (98) implies the periodicity (96).
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then (98) is satisfied. Extending the range of values of the parameter n to all integers,
and treating the symmetry
n→ n+ rk1 ∀r ∈ Z (101)
as a gauge symmetry, the new partition function can be rewritten as
Znew0 [y] =
1
(
∑
r∈Z 1)
∑
n∈Z
e−i2pinn1/k1Z0[y + gn/k1], (102)
where (
∑
r∈Z 1) is the volume of the gauge symmetry (101) one should remove from the
path integral. The shift in y by gn/k1 on the right hand side of (102) can be implemented
by introducing an auxiliary “field”
ψ =
π
iτ2
n
k1
(n ∈ Z) (103)
and replacing A by A+gψ (or equivalently y by y+gn/k1) in the source term. ψ is called
a “field” because the variable n should be summed over in the path integral like a physical
variable. Later we will show that ψ is embedded in the auxiliary field Ψ introduced in
(97). In addition, the phase factor e−i2pinn1/k1 on the right hand side of (102) can be
implemented by adding another term
Sγ[ψ] =
1
2π
∫
dzdz¯ γψ (104)
in the action, where
γ = −2πn1. (105)
This term Sγ will be rewritten in the form of the second term in (97).
Summarizing, we mentioned the modification of the action by shifting the source field
by a background field, and by Sγ to take the quotient of the periodicity (96). The total
action is thus
Sφ = S0 + SB + SA[A+ A0 + gψ] + Sγ [ψ], (106)
where A0 =
pi
iτ2
gβ
k1
. β will be the convenient variable parametrizing the background source.
The guiding principle for the modifications above to the action S0+SA[A] is the quo-
tient condition (98). To impose this condition we introduced an auxiliary field ψ in order
to apply the method of images. We also consider additional modification to the action
without breaking any symmetry or the boundary condition (98), such as introducing a
constant shift A0 for the source field A. A change of the definition of the auxiliary field
ψ or the parameter γ would typically lead to a trivial partition function. For example, if
we have defined ψ to take continuous, rather than discrete, values, integrating over ψ in
the path integral would give a partition function independent of A(0).
For a generic interacting chiral boson Lagrangian, which may or may not be Lorentz-
invariant, we propose to introduce the same correction terms SA[A + A0 + gψ] + Sγ to
define its partition function. More generally, one should consider all possible topological
terms, as one would normally do when considering a class of theories. For the example
at hand, there are no other nontrivial topological terms to consider.
Let us now show that the correction terms to the original FJ action, including the
source term (S0 + SA[A+ A0]) in (106), can be written as topological terms of the form
(97). Indeed, consider
SΨ[Ψ] =
i
2πk1
∫
(dφ+ Γ) ∧ dΨ. (107)
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As the integrand is a total derivative, only the zero modes of each differential contribute
to the action. The auxiliary field Ψ is a scalar field with the same compactified target
space as that of φ,
Ψ ∼ Ψ+ 2πN (N ∈ Z). (108)
Its winding modes are given by
(dΨ)(0) = 2πmEA + 2πnEB (m,n ∈ Z), (109)
where m,n are the winding numbers of Ψ. While the winding number m is decoupled
because ω2 = 0, the winding number n is precisely the same variable we used to define
ψ (103). As we promised earlier, the auxiliary field ψ is embedded in an auxiliary scalar
field Ψ with non-zero modes, and the correction terms SA[gψ] and Sγ [ψ] can be expressed
as manifestly topological terms.
In (107), the constant one-form Γ is defined by two constant parameters γ and ζ as
Γ = γEA + ζEB, (110)
where γ is defined in (105), and ζ is coupled to the winding number m in dΨ (109). As
m is decoupled from φ, the contribution of ζ is merely an overall factor of the partition
function. We will simply ignore the parameter ζ in our calculation of the partition
function. 6
The effect of introducing a background A0 to the source field can be replaced by
twisting the boundary condition of Ψ (108) as
Ψ ∼ Ψ+ 2π(N + β) (N ∈ Z) (111)
for a real parameter β (defined modulo 1). This is equivalent to the well understood
connection between Wilson loop and twisted periodic boundary condition of charged
fields.
Finally, the complete action is
Sφ = S0 + SA[A+ A0] + SΨ + SB
=
1
4πg2
∫
dzdz¯(∂z + ∂z¯)φ∂z¯φ+
1
2πg
∫
dzdz¯ (∂z + ∂z¯)φ(A+ A0)
+
i
2πk1
∫
(dφ+ Γ) ∧ dΨ+ i
∫
EB ∧ EA B(σB)∂Bφ(z, z¯). (112)
The first term is the original FJ action. The second term is the source term with a
background A0. The third term is a topological term with an auxiliary field Ψ introduced
to impose the quotient condition (98). Since the non-zero modes of Ψ vanish completely
in the action, only the winding modes of Ψ are relevant. Hence Ψ should not be viewed
as an ordinary 2-dimensional field. The last term is essentially the gauge-fixing term, so
it would be changed if we choose a gauge-fixing condition different from (86).
6 In order for the partition function to be non-vanishing, ζ has to be multiples of 2pik1. However, as
long as the partition function is non-vanishing, all choices of ζ are equivalent.
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4.1 Z0[A
(0)]
For the FJ action modified by topological terms (106), the partition function for the zero
mode of A is easily calculated. It is
Z0[A
(0)] = N
∑
ω1,n
e−S
(0)
φ = ϑ
[
n1/k1
β
](
k1
g
y;
k21
g2
τ
)
, (113)
where S
(0)
φ denotes the contribution of winding modes to the action (112). The normaliza-
tion factor N involves dividing the path integral by the volume of all gauge symmetries.
Effectively the index n is summed from 0 to k1 − 1. To derive this result we changed
variables by
ω1 = k1p+ u, n = k1q + v, (114)
where p, q ∈ Z and u, v = 0, 1, 2, · · · , (k1 − 1). The partition function involves an overall
infinite constant factorN−1 = k1
(∑
q
)
, reflecting the fact that there is a gauge symmetry
of infinite order corresponding to the shift of the auxiliary field ψ by multiples of gπ/(iτ2),
which is equivalent to the shift of the source field A according to (95).
Apparently the coupling constant that would reproduce the result of holomorphic
decomposition (25) is
g =
√
k1k2. (115)
For the non-chiral theory, the coupling constant g can be either
√
k1k2 or 2/
√
k1k2, which
are related by T-duality, and therefore both choices are allowed (and equivalent) in the
approach of holomorphic decomposition. For a chiral boson theory there is no T-duality,
and one may wonder which choice survives when only the holomorphic part of the source
Az¯ is coupled to the chiral boson. In the approach of holomorphic line bundle, we only
see the possibility of g = 2/
√
k1k2, while the other possibility shows up here. Despite
the superficial difference, the partition function is given by ϑ functions for all three
approaches.
It is possible to lift the rational characteristic parameter n1/k1 of the ϑ function to
a generic real number by introducing twisted boundary conditions on φ, or equivalently
by introducing constant connections on the torus. In this paper we have focused our
attention on the periodic boundary condition for the chiral boson φ without twisting for
the sake of comparison among different approaches. If we take into consideration the
twisting of the boundary condition
φ(z +m+ nτ, z¯ +m+ nτ¯ ) = φ(z, z¯) + 2π[m(ω1 + α) + n(ω2 + β)] (116)
defined by two real parameters α, β ∈ R/Z, the characteristic parameters of the ϑ function
would be shifted by α and β. The twisting of the boundary condition is equivalent to
turning on a constant connection 1-form C = 2π(αEA + βEB) so that all the derivatives
in the action are replaced by the covariant derivatives Di = ∂i + Ci.
Apparently, this approach provides the most straightforward calculation of the zero-
mode partition function among all three approaches discussed in this paper.
4.2 Z˜[A˜]
Now we compute the partition function for the non-zero modes
Z˜ =
∫
Dφ˜ e−S˜φ, (117)
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where
S˜φ =
1
4πg2
∫
dzdz¯
(
(∂z + ∂z¯)φ˜∂z¯φ˜+ 2g(∂z + ∂z¯)φ˜A˜
)
, (118)
up to the gauge-fixing terms which will be ignored for the calculation below.
The partition function satisfies the differential equation
∂z¯
δ
δA˜
Z˜ =
1
2π
(∂z + ∂z¯)A˜Z˜, (119)
where we used the identity
〈(∂z + ∂z¯)∂z¯φ˜+ g(∂z + ∂z¯)A˜〉 = 0. (120)
Let
Z˜ = N˜e
∫ ∫
dzdz¯dz′dz¯′ K(z−z′,z¯−z¯′)A˜(z,z¯)A˜(z′,z¯′), (121)
where N˜ is independent of A˜, we find that K needs to satisfy the equation
∂z¯K(z − z′, z¯ − z¯′) = − 1
4π
(∂z + ∂z¯)δ
(2)(z − z′, z¯ − z¯′). (122)
Assuming that G(z − z′, z¯ − z¯′) is the Green’s function satisfying (71), we have
K(z − z′, z¯ − z¯′) = − 1
4π
(∂z + ∂z¯)∂zG(z − z′, z¯ − z¯′) +K0(z − z′)
= − 1
4π
∂2zG(z − z′, z¯ − z¯′)−
1
4π
δ(2)(z − z′; z¯ − z¯′) +K0(z − z′).
(123)
Apart from the 2nd term in the last expression, this solution of K is exactly the same
as the kernel (72) derived above in the approach of holomorphic line bundle. The extra
term contributes to an extra factor of
e−
1
4π
∫
dzdz¯ A˜2(z,z¯) (124)
in Z˜. This is a self-contraction contribution that is removed by normal ordering. There-
fore, for the correlation functions of normal ordered operators, the path integral of FJ
action is in perfect agreement with the other approaches using the action of a non-chiral
boson. The equivalence with the result of Z˜ (37) for the holomorphic decomposition can
also be shown via mode expansions.
5 FJ action and BRST symmetry
5.1 Gauge fixing and BRST symmetry
In the previous section, we introduced a gauge-fixing condition (87). An important feature
of such gauge fixing is that the Lagrange multiplier λ depends only on a single coordinate
σB on the torus, while in the usual case, the gauge parameter depends on every coordinate
on the space-time where gauge theory is defined. Since such gauge symmetry is typical in
the Lagrangian formulation of self-dual fields, we give some detail of BRST quantization
although most of the analysis is elementary and straightforward.
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Here we consider a general situation where the world-sheet topology may not be
restricted to torus. Also we return to the Lorentzian space-time coordinates (σ0, σ1),
instead of the Euclidean ones (z, z¯) since for the canonical quantization they are more
convenient. We require that the spatial coordinate σ1 to be periodic σ1 ∼ σ1 + 1.
The FJ lagrangian (82) is rewritten with coordinates σ0, σ1 as
S0 =
1
4πg2
∫
dσ0dσ1∂1φ(∂0 − ∂1)φ . (125)
As we remarked, the action has a gauge symmetry (85) which is written in terms of
Lorentzian coordinates as
δφ = F (σ0) . (126)
The gauge-fixing term of the Lagrangian (87) together with the Lagrange multiplier field
B are introduced to fix this symmetry. As the gauge parameter F (σ0) depends only on
σ0, so does B,
SB = −
∫
dσ0dσ1B(σ0)(∂0 + h∂1)φ(σ0, σ1), (127)
where h is an arbitrary real parameter. We note that ∂B = τ1∂1+ τ2∂2 in (87) is replaced
by τ0∂0 + τ1∂1, where τ0 = iτ2. However, since we do not assume particular shape for
the world-sheet, we replace τ1/τ0 by an arbitrary parameter h. The gauge condition by
integrating out B, ∫
dσ1(∂0 + h∂1)φ(σ0, σ1) = 0 , (128)
certainly removes the gauge freedom (126) for any h. There are a variety of possibilities
for the gauge-fixing conditions which may be used to fix (126). In this paper we restrict
ourselves to such conditions since the analysis seems to be the simplest. We introduce
further the Faddeev-Popov ghosts b(σ0), c(σ0) with the action
SFP = −i
∫
dσ0b(σ0)∂0c(σ0) , (129)
which was ignored in the previous section. In addition, there are the source term SA[A+
A0] (92) and the topological term SΨ (107) in the total action (112). These may be
included when the world sheet is torus. We drop these terms for a moment and will be
taken into account later in the computation of partition function.
The total action S = S0 + SB + SFP has BRST symmetry
δφ(σ0, σ1) = c(σ0), δB(σ0) = 0, δb(σ0) = iB(σ0), δc(σ0) = 0 . (130)
In the source-free theory (A+A0 = 0), the equation of motion which is derived from
the total action is
∂1(∂0 − ∂1)φ = 2πg2∂0B(σ0), (131)
∂0c = ∂0b = 0 , (132)
together with (128). We note that the first equation (131) does not look like the self-dual
equation (∂0 − ∂1)φ = 0. However, solving the equation of motion shows indeed they are
equivalent.
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Let us define the periodicity of φ by,
φ(σ1 + 1) = φ(σ1) + 2πω, ω ∈ Z . (133)
We introduce a Fourier transformation of φ compatible with periodicity (133),
φ(σ0, σ1) = x(σ0) + 2πωσ1 + g
∑
m6=0
i
m
am(σ0)e
−2piimσ1 . (134)
Plugging it into (131) gives
2πg
∑
m6=0
(a˙m + 2πimam)e
−2piimσ1 = 2πg2∂0B . (135)
By comparing each Fourier mode, we obtain
a˙m + 2πimam = 0, ∂0B = 0, (136)
which imply
am(σ0) = cme
−2piimσ0 . (137)
The constraint (128) gives x˙+ 2πωh = 0 . It gives the solution of the equation of motion
in the form
φ(σ0, σ1) = x(0) + 2πω(σ1 − hσ0) + g
∑
m6=0
i
m
cme
−2piim(σ0+σ1) . (138)
We note that the zero-mode has wrong dependence on σ0, σ1 (i.e. ∂0φ 6= ∂1φ) unless
h = −1. On the other hand, the oscillator part has the correct form.
To make comparison with the previous section, one may replace h = τ1/τ0 and take
Wick rotation. The zero-mode part becomes φ ∼ 2πωσA. It describes the winding of φ
around the cycle CA which correctly reproduces the set-up in the previous section, namely
(ω1, ω2) = (ω, 0).
5.2 Canonical quantization and physical states
Let us go further to analyze the Hilbert space of the system by canonical quantization.
Since the action is first order in time derivative, we need to introduce the second class
constraint. Such issue was already solved in [22]. Here, instead of introducing constraint,
we restrict the set of the coordinates to remove the redundancy of variables. Such a
quantization scheme is close to the treatment of original literature [2].
We put the Fourier expansion (134) into the action and arrive at
S0 =
1
2g2
∫
dσ0ω(x˙− 2πω) +
∫
dσ0
∑
m>0
a−m
i
m
(a˙m + 2πimam), (139)
SB = −
∫
dσ0B(σ0)(x˙+ 2πωh) . (140)
The second term of S0 implies that the momentum for am is
i
m
a−m (m > 0) and that for
x is −B. One may set the (equal time) canonical commutation relations as
[an, am] = nδn+m, [x,B] = −i, {b, c} = 1 . (141)
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(Others like [an, B] etc. vanish.)
The Hamiltonian reads
H = 2π
(∑
n>0
a−nan +
ω2
2g2
+ ωhB
)
. (142)
The momentum operator becomes
P =
∫
dσ1
δS
δφ˙
∂1φ = H − 2π(1 + h)ωB . (143)
The second term in this expression looks strange and it would imply that the self-duality
condition H = P is broken when h 6= −1. However, as we see below, the extra term
vanishes when applied to the physical state. So the self-duality holds in the above sense
for any h and does not depend on the choice of gauge fixing.
The nilpotent BRST operator is defined as
Q = iBc . (144)
One may easily confirm that
Q2 = 0, [Q, φ] = c, {Q, b} = iB, {Q, c} = [Q,B] = 0 , (145)
and that the BRST transformation is generated by Q, δΨ = [Q,Ψ} . The physical state
condition is given in terms of Q as
Q|Ψ〉 = 0, |Ψ〉 6= Q|χ〉 . (146)
Focusing on the zero-mode part of the physical states, we have
|Ψ〉 = ψ0(x)|0, ω〉+ ψ1(x)|1, ω〉, |χ〉 = χ0(x)|0, ω〉+ χ1(x)|1, ω〉 (147)
with c|1, ω〉 = b|0, ω〉 = 0, |1, ω〉 = c|0, ω〉. Eqs.(146) are rewritten as
∂xψ0(x) = 0, ψ1(x) 6= ∂xχ0(x) . (148)
It implies that the zero-mode part of the physical states is a superposition of |0, ω〉 and
|1, ω〉 independent of x. To avoid redundancy, we impose the constraint
b|Ψ〉 = 0 (149)
on physical states, so that the only nontrivial element in BRS cohomology in the zero-
mode sector is
|Ψ〉 = |0, ω〉 . (150)
Namely the dependence on x for the physical state is gone. In other words, B|phys〉 = 0,
which removes the undesirable term in P . At the same time, it gauge-fixes the gauge
symmetry (91) in the previous section. The physical Hilbert space is spanned by states
generated by oscillators,
a−n1 · · · a−nℓ|0, ω〉 . (151)
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We denote the Hilbert space spanned by these basis as H.
We introduce an operator Ω which takes the winding number as its eigenvalue and
commutes with the oscillators,
Ω|0, ω〉 = ω|0, ω〉, [Ω, an] = 0 , (152)
and it also commutes with H and P . In terms of the field φ, it can be written as
Ω =
1
2π
∫
dσ1∂1φ . (153)
In the previous section, we add a term (94) to the action which expresses the coupling of
the zero mode of A. With the identification ω1 = ω, it gives a twist in the definition of
the partition function,
Z = TrH(e
i(τ1P+τ0H)+2pii(y/g)Ω) = TrH(q
H+P
4π q¯
H−P
4π e2pii(y/g)Ω) , (154)
q = e2pii(τ1+τ0) , q¯ = e−2pii(τ1−τ0) . (155)
One immediately finds
Z =
∑
ω q
ω2
2g2 e2pii(y/g)ω∏∞
n=1(1− qn)
, (156)
namely the partition function of the chiral boson on the torus. The factor in the numerator
is the theta function ϑ
(
y
g
, τ1+τ0
g2
)
.
In the previous section, we further defined a coupling to auxiliary field ψ to make
the partition function with refined periodicity (98). The procedure may be explained as
follows. In addition to the Hilbert space H, we take another finite dimensional Hilbert
space Hψ for auxiliary field spanned by |n〉ψ, (n ∈ Zk1) and take a tensor productH×Hψ.
We assume H|n〉ψ = P |n〉ψ = 0 and introduce an operator which distinguishes the basis,
U |n〉ψ = e2piin/k1 |n〉ψ . (157)
The new partition function by adding the topological terms is obtained in the operator
formalism as the trace over H×Hψ,
Znew = TrH×Hψ(q
H+P
4π q¯
H−P
4π e2pii(y/g)ΩUΩ−n1) , (158)
which reproduces the theta function with characteristics (113).
Before closing this section, let us comment on the choice of the parameter h in the
Lagrangian formulation. We take Wick rotation, and recover the extra terms in the
action. In the notation in the previous section, the full action is
S =
1
4πg2
∫
dzdz¯ (∂Aφ)(∂z¯φ) +
1
2πg
∫
dzdz¯ (∂Aφ)(A+ A0 + gψ) +
1
2π
∫
dzdz¯ γψ
−i
∫
EA ∧ EB B(σB)∂Bφ(z, z¯)− i
∫
EA ∧ EB b(σB)∂Bc(σB), (159)
where we choose h = τ1/τ0.
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It sounds rather strange that we need to take a special choice for the gauge-fixing
condition. Indeed if we take general h, the fourth term in (159) takes the form
− i
∫
EA ∧ EB B(σB)(∂B + h′∂A)φ(z, z¯) (160)
for h′ = h − τ1/τ0. If we expand the zero mode of φ in the path integral (80), the
integration over the zero-mode of B gives
ω2 + h
′ω1 = 0 . (161)
In general for arbitrary h and integers ω1, ω2, such equation has no nontrivial solution.
Therefore, in order to have nontrivial winding number in the path integral, we need to
set h = τ1/τ0. While the self-duality holds for any h in the canonical quantization, there
seem to be an obstruction in the path integral.
6 Discussion
In this work we re-examined existing approaches using non-chiral bosons to compute the
partition function of a chiral boson, we also found a way to derive the same result from
the Lagrangian of a chiral boson, by adding topological terms and an auxiliary field. The
well known result in the literature of partition function for the zero modes of the source
field is given by the ϑ functions
ϑ
[
0
0
]
(y; τ), ϑ
[
0
1
2
]
(y; τ), ϑ
[
1
2
0
]
(y; τ), ϑ
[ 1
2
1
2
]
(y; τ). (162)
We found the more general expression
ϑ
[
n1/k1
β
](
k1
g
y;
k21
g2
τ
)
, (163)
which includes the special cases with g =
√
k1k2 and
ϑ
[
n1
k1
n2
k2
](√
k1
k2
y;
k1
k2
τ
)
(164)
derived using the method of holomorphic decomposition. For k1 = k2, the modular
parameter (k1/k2)τ of the ϑ function is the same as that of the spacetime 2-torus Σ.
When one makes a modular transformation in spacetime, the ϑ function changes by an
overall phase factor, as a projective representation of the modular symmetry. Even in
this class we allow more general characteristic parameters than 0 or 1/2.
The issue with k1 6= k2 is that the symmetry of modular transformations on the
spacetime torus is partially broken. However, part of the spacetime isometry is broken
even for the well known cases (162). As an example, consider the parity symmetry
σ1 → −σ1 when τ1 = 0. For instance, the expectation value
〈∂1φ〉, (165)
can be calculated from the equality
∂
∂A(0)
Z(A(0))
∣∣
A(0)=0
∼
∫
T 2
〈∂1φ〉. (166)
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For the well known cases (162), the zero-mode contribution to the partition function is
ϑ(y|τ), where ϑ represents one of the ϑ functions in (162). Hence we have
ϑ′(0|τ) ∼ 〈∂1φ〉. (167)
This means that the vacuum expectation value of winding numbers may be nonzero if the
corresponding ϑ function has a non-zero derivative at the origin. This indeed happens
when ϑ = ϑ
[
1/2
1/2
]
(y; τ). When τ2 = 1, there is an additional isometry of rotating the
2-torus by 90 degrees: z → iz. In this case not only the parity symmetry is broken, but
the symmetry of rotating by 90 degrees is also broken. Therefore, the symmetry breaking
for the isometry of a torus should be viewed as a generic feature of chiral boson theories,
and so we should not insist on preserving the full modular transformation as symmetries
at the quantum level as the definition of a quantum chiral boson theory.
What we have learned from this study of the free chiral boson theory is that for a
given chiral boson Lagrangian one should consider more general Lagrangians modified
by topological terms and auxiliary fields, without changing local equation of motion nor
propagating modes. While some of the choices of topological terms and auxiliary fields
lead to a trivial partition function, others are well-defined theories. We learned that
suitable choices are guided by the periodicity in the source field, and that a careful study
of the canonical formulation can be helpful. It will be interesting to apply this approach
to interacting chiral boson theories for which its non-chiral version is not defined, so that
the other two approaches (holomorphic decomposition and holomorphic line bundle) are
not applicable.
In this work we have restricted ourselves to the 2-torus as the base space of the chiral
boson. A complete understanding of the chiral boson in 2 dimensions should include
Riemann surfaces of all topologies. While chiral fermion is easier to understand, and
it can be related to chiral boson via bosonization, the bosonization on higher genus
Riemann surfaces was already studied for chiral fermions [18,19,36,38–40]. This provides
a good starting point to understand chiral bosons on generic Riemann surfaces. It will
be interesting to construct a chiral boson Lagrangian with topological terms suitable for
Riemann surfaces of higher genus.
Chiral bosons (or self-dual gauge fields) are the fundamental building blocks of bosonic
fields, analogous to their fermionic counterparts. While Weyl fermions play important
roles in various models of high energy physics and condensed matter physics, it should
not be surprising if chiral bosons will play crucial roles in constructing physical models
in the future. Understanding the quantum theory of interacting chiral boson is thus an
important fundamental issue in quantum field theory. This work provides a first step
towards conquering this challenge.
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Appendix
ϑ function
The modified ϑ function is defined by
ϑ
[
α
β
]
(y; τ) =
∑
n∈Z
exp
[
πi(n + α)2τ
]
exp [2πi(n + α)(y + β)] . (168)
They satisfy the relation
ϑ
[
α
β
]
(y + θτ + φ; τ) = e−2ipiθ(y+β+θτ/2+φ)ϑ
[
α + θ
β + φ
]
(y; τ) (169)
for φ, θ ∈ R. For the speical case θ = n, φ = m ∈ Z,
ϑ
[
α
β
]
(y + nτ +m; τ) = e−i2piny−ipin
2τ+i2pi(mα−nβ)ϑ
[
α
β
]
(y; τ). (170)
Under a modular transformation, the ϑ function changes by a phase
ϑ
[
α
β
](
y; τ + 1
)
= e−ipiα(α+1)ϑ
[
α
β + α+ 1
2
]
(y; τ), (171)
ϑ
[
α
β
](
y
τ
;−1
τ
)
=
√−iτ eipiy2/τ+2piiαβϑ
[
β
−α
]
(y; τ). (172)
Green’s function on torus
The standard Green’s function on a 2-torus is
G(z − w, z¯ − w¯) = − 1
4π
log
∣∣∣∣ϑ1(z − w; τ)η(τ)
∣∣∣∣ + 12 (Im(z − w))
2
Imτ
. (173)
It satisfies the equation
∂z∂z¯G(z − w, z¯ − w¯) = δ(2)(z − w, z¯ − w¯)− 1
Imτ
, (174)
where we needed to add a constant on the right hand side because the 2-torus is a compact
space. The Green’s function is “doubly periodic”. That is, G(z +m+ nτ, z¯ +m+ nτ¯ ) =
G(z, z¯) for all m,n ∈ Z.
In the above, η is the Dedekind η function. It can be defined as
η(τ) = eipiτ/12
∞∏
n=1
(1− qn), (175)
where
q = e2ipiτ . (176)
The factor of Dedekind η function in (173) only contributes an additive constant to the
Green’s function, and does not affect the equation (174) at all. We can thus replace it
by any other factor without changing the kernel K (72) for the chiral boson partition
function.
25
References
[1] W. Siegel, “Manifest Lorentz Invariance Sometimes Requires Nonlinearity,” Nucl.
Phys. B 238, 307 (1984).
[2] R. Floreanini and R. Jackiw, “Selfdual Fields as Charge Density Solitons,” Phys.
Rev. Lett. 59, 1873 (1987).
[3] M. Henneaux and C. Teitelboim, “Dynamics Of Chiral (selfdual) P Forms,” Phys.
Lett. B 206, 650 (1988).
[4] P. Pasti, D. P. Sorokin and M. Tonin, “On Lorentz invariant actions for chiral p
forms,” Phys. Rev. D 55, 6292 (1997) [hep-th/9611100].
[5] W. -M. Chen and P. -M. Ho, “Lagrangian Formulations of Self-dual Gauge Theories
in Diverse Dimensions,” Nucl. Phys. B 837, 1 (2010) [arXiv:1001.3608 [hep-th]].
[6] W. -H. Huang, “Lagrangian of Self-dual Gauge Fields in Various Formulations,” Nucl.
Phys. B 861, 403 (2012) [arXiv:1111.5118 [hep-th]]; “General Lagrangian of Non-
Covariant Self-dual Gauge Field,” JHEP 1211, 051 (2012) [arXiv:1210.1024 [hep-
th]]; “Lorentz Covariant Lagrangians of Self-dual Gauge Fields,” arXiv:1301.6478
[hep-th].
[7] E. Witten, “Five-brane effective action in M theory,” J. Geom. Phys. 22, 103 (1997)
[hep-th/9610234].
[8] Y. Oz, “Nonabelian Chiral Bosons Coupled To A Gauge Field,” Phys. Lett. B 245,
497 (1990).
[9] N. Berkovits, “Local actions with electric and magnetic sources,” Phys. Lett. B 395,
28 (1997) [hep-th/9610134]; “SuperMaxwell actions with manifest duality,” Phys.
Lett. B 398, 79 (1997) [hep-th/9610226].
[10] I. Bengtsson, “Manifest duality in Born-Infeld theory,” Int. J. Mod. Phys. A 12, 4869
(1997) [hep-th/9612174].
[11] M. Perry and J. H. Schwarz, “Interacting chiral gauge fields in six-dimensions and
Born-Infeld theory,” Nucl. Phys. B 489, 47 (1997) [hep-th/9611065].
[12] P. Pasti, D. P. Sorokin and M. Tonin, “Covariant action for a D = 11 five-brane with
the chiral field,” Phys. Lett. B 398, 41 (1997) [hep-th/9701037].
26
[13] I. A. Bandos, K. Lechner, A. Nurmagambetov, P. Pasti, D. P. Sorokin and M. Tonin,
“Covariant action for the superfive-brane of M theory,” Phys. Rev. Lett. 78, 4332
(1997) [hep-th/9701149].
[14] G. Dall’Agata, K. Lechner and M. Tonin, “Action for IIB supergravity in 10-
dimensions,” In *Corfu 1998, Quantum aspects of gauge theories, supersymmetry
and unification* 416-423 [hep-th/9812170].
[15] M. Aganagic, J. Park, C. Popescu and J. H. Schwarz, “World volume action of the
M theory five-brane,” Nucl. Phys. B 496, 191 (1997) [hep-th/9701166].
[16] P. Pasti, I. Samsonov, D. Sorokin and M. Tonin, “BLG-motivated Lagrangian for-
mulation for the chiral two-form gauge field in D=6 and M5-branes,” Phys. Rev. D
80, 086008 (2009) [arXiv:0907.4596 [hep-th]].
[17] P. Pasti, D. Sorokin and M. Tonin, “Covariant actions for models with non-linear
twisted self-duality,” Phys. Rev. D 86, 045013 (2012) [arXiv:1205.4243 [hep-th]].
[18] T. Eguchi and H. Ooguri, “Chiral Bosonization on Riemann Surface,” Phys. Lett. B
187, 127 (1987).
[19] E. P. Verlinde and H. L. Verlinde, “Chiral Bosonization, Determinants and the String
Partition Function,” Nucl. Phys. B 288, 357 (1987).
[20] C. Imbimbo and A. Schwimmer, “The Lagrangian Formulation Of Chiral Scalars,”
Phys. Lett. B 193, 455 (1987).
[21] A. D. Dolgov, I. B. Khriplovich and V. I. Zakharov, “Chiral Boson Anomaly In A
Gravitational Field,” JETP Lett. 45, 651 (1987) [Pisma Zh. Eksp. Teor. Fiz. 45, 511
(1987)].
[22] J. Sonnenschein, “Chiral Bosons,” Nucl. Phys. B 309, 752 (1988).
[23] M. Bernstein and J. Sonnenschein, “A Comment On The Quantization Of Chiral
Bosons,” Phys. Rev. Lett. 60, 1772 (1988).
[24] M. Stone, “Coherent State Path Integrals And The Bosonization Of Chiral Fermions,”
Phys. Rev. Lett. 63, 731 (1989).
[25] K. Harada, “The Chiral Schwinger Model In Terms Of Chiral Bosonization,” Phys.
Rev. Lett. 64, 139 (1990).
27
[26] B. McClain, F. Yu and Y. S. Wu, “Covariant quantization of chiral bosons and
OSp(1,1|2) symmetry,” Nucl. Phys. B 343, 689 (1990).
[27] E. Witten, “On Holomorphic factorization of WZW and coset models,” Commun.
Math. Phys. 144, 189 (1992).
[28] C. Wotzasek, “A Remark on the covariant quantization of chiral bosons,” Phys. Rev.
D 44, 1623 (1991).
[29] I. Martin and A. Restuccia, “Duality symmetric actions and canonical quantization,”
Phys. Lett. B 323, 311 (1994).
[30] F. P. Devecchi and M. Henneaux, “Covariant path integral for chiral p forms,” Phys.
Rev. D 54, 1606 (1996) [hep-th/9603031].
[31] L. Dolan and C. R. Nappi, “A Modular invariant partition function for the five-
brane,” Nucl. Phys. B 530, 683 (1998) [hep-th/9806016].
[32] M. Henningson, B. E. W. Nilsson and P. Salomonson, “Holomorphic factorization of
correlation functions in (4k+2)-dimensional (2k) form gauge theory,” JHEP 9909,
008 (1999) [hep-th/9908107].
[33] E. Witten, “Duality relations among topological effects in string theory,” JHEP 0005,
031 (2000) [hep-th/9912086].
[34] D. Belov and G. W. Moore, “Holographic Action for the Self-Dual Field,” hep-
th/0605038.
[35] S. Giaccari and P. Menotti, “Consistent gravitational anomalies for chiral bosons,”
Phys. Rev. D 79, 065015 (2009) [arXiv:0812.2810 [hep-th]].
[36] L. Alvarez-Gaume, J. B. Bost, G. W. Moore, P. C. Nelson and C. Vafa, “Bosonization
on Higher Genus Riemann Surfaces,” Commun. Math. Phys. 112, 503 (1987).
[37] R. Jackiw and R. Rajaraman, “Vector Meson Mass Generation Through Chiral
Anomalies,” Phys. Rev. Lett. 54, 1219 (1985) [Erratum-ibid. 54, 2060 (1985)].
[38] N. Ishibashi, Y. Matsuo and H. Ooguri, “Soliton Equations And Free Fermions On
Riemann Surfaces,” Mod. Phys. Lett. A 2, 119 (1987).
[39] C. Vafa, “Operator Formulation on Riemann Surfaces,” Phys. Lett. B 190, 47 (1987).
28
[40] L. Alvarez-Gaume, C. Gomez and C. Reina, “Loop Groups, Grassmanians and String
Theory,” Phys. Lett. B 190, 55 (1987).
29
